A Contribution to the Theory of Economic Growth

Robert M. Solow
The Quarterly Journal of Economics, Vol. 70, No. 1. (Feb., 19536), pp. 65-94.

Stable URL:
http://links.jstor.org/sici 7sici=0033-5533%28195602%2970%3A1%3C65%3AACTTTO%3E2.0.CO0%3B2-M

The Quarterly Journal of Economics 1s currently published by The MIT Press.

Your use of the ISTOR archive indicates your acceptance of ISTOR’s Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. ISTOR's Terms and Conditions of Use provides, in part, that unless you
have obtained prior permission, you may not download an entire issue of a journal or multiple copies of articles, and
you may use content in the ISTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www jstor.org/journals/mitpress.html.

Each copy of any part of a ISTOR transmission must contain the same copyright notice that appears on the screen or
printed page of such transtnission.

ISTOR is an independent not-for-profit organization dedicated to creating and preserving a digital archive of
scholarly journals. For more information regarding ISTOR, please contact support@jstor.org.

http://www jstor.org/
Thu Apr 20 03:54:04 2006



A CONTRIBUTION TO THE THEORY OF
ECONOMIC GROWTH

By RoserT M. SoLow
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grawth patterns, 68, — IV. Examples, 73. — V. Behavior of interest and wage
rates, 78, — Vi, Extensions, 85. — VII. Qualifications, 91.

I. INTRODUCTION

All theory depends on assumptions which are not quite true.
That iz what makes it theory. The art of successful theorizing is to
make the inevitable simplifying assumptions in such a way that the
final results are not very sensitive.! A “crucial’’ assumption is one
on which the conclusions do depend sensitively, and it is important
that crucial assumptions be reasonably realistic. When the results
of a theary seem to flow specifically from 2 special crucial assumption,
then if the assumption is dubious, the results are suspect.

1 wish to argue that something like this is true of the Harrod-
Domar madel of economice growth. The characteristic and powerful
conclusion of the Harrod-Domar line of thought is that even for the
long run the economic system is at best balanced on a knife-edge of
equilibrium growth. Waere the magnitudes of the key parameters —
the savings ratia, the capital-output ratio, the rate of increase of the
labor force — to slip ever so slightly from dead center, the conse-
quence would be either growing unemployment or prolonged inflation..
In Harrod’s terms the eritical question of balance boils down to a
comparison between the natural rate of growth which depends, in the
absence of technological change, on the increase of the labor force, and
the warranted rate of growth which depends on the saving and invest-
ing habits of households and firms.

But this fundamental opposition of warranted and natural rates
turns out in the end to flow from the crucial assumption that produe-
tion takes place under conditions of fixred preportions. There is no
possibility of substituting labor for capital in production. If this
assumption is abandoned, the knife-edge notion of unstable balance
seems to go with it, Indeed it is hardly surprising that such a gross

1. Thus trensport costs were merely a negligible complication to Ricardian
trade theory, but a vital characteristic of reality to van Thiinen.
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rigidity in one part of the system should entail lack of flexibility in
anather,

A remarkable characteristic of the Harrod-Domar model is that,
it consistently studies lang-run problems with the usual short-run
tools. One usually thinks of the long run as the domain of the neo-
classical analysis, the land of the margin. Instead Harrod and Domar
talk of the long run in terms of the multiplier, the accelerator, “the”
capital coefficient. The bulk of this paper is devoted to a model of
long-run growth which accepts all the Harrod-Domar assumptions
except that of fixed proportions. Instead I suppose that the single
composite commodity is produced by labor and capital under the
standard neoclassical conditions. The adaptation of the system to an
exogenously given rate of increase of the labor farce is waorked out in
some detail, to see if the Harrod instability appears. The price-wage-
interest, reactions play an important role in this neoclassical adjust-
ment process, so they are analyzed too. Then some of the other rigid
assumptions are relaxed slightly to see what qualitative changes
result: neutral technological change is allowed, and an interest-elastic
gavings schedule. Finally the consequences of certain more “Keynes-
ian" relations and rigidities are briefly considered.

II. A MopztL or Long-Run GrowTH

There is only one commodity, output as a whole, whose rate of
production is designated ¥(f). Thus we can speak unambiguously -
of the community’s real income. Part of each instant's output is
consumed and the rest is saved and invested. The fraction of output
saved is a constant s, so that the rate of saving is s¥'(¢). The com-
munity’s stock of capital K () takes the form of an accumulation of
the composite commodity. Net investment is then just the rate of
inerease of this capital stock dK /dt or K, so we have the basic identity
at every instant of time: _
(1) K = 7.

Output is produced with the help of two factors of production,
capital and labor, whose rate of input is L(f). Technological possi-
bilities are represented by a production function

(2) Y = F(K,L).

Qutput is to be understood as net output after making good the depre-
ciation of capital. About production all we will say at the moment is
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that it shows constant returns to scale. Hence the production fune-
tion is homogeneous of first degree. This amounts to assuming that
there is no scarce nonaugmentable resource like land. Constant
returns to scale seems the natural assumption to make in & theory of
growth. The scarce-land case would lead to decreasing returns to
scale in capital and labor and the model would become more
Ricardian.?
Inserting (2) in (1) we get

@) K = sF(K,L).

This is one equation in two unknowns, One way ta close the system
would be to add a demand-for-labor equation: marginal physical
productivity of labar equals real wage rate; and a supply-of-labor
equation. The latter could take the general form of making labor
supply a function of the real wage, or more classically of putting the
real wage equal to a conventional subsistence level. In any case there
would be three equations in the three unknowns K, L, real wage.

Instead we proceed more in the spirit of the Harrod model. Asa
result of exogenous population growth the labor foree increases at a
constant relative rate n. In the absence of technological ehange n is
Harrod's natural rate of growth. Thus:

(4) L{) = L™

In (3} L stands for total employment; in (4) I stands for the available
supply of labor. By identifying the two we are assuming that full
employment is perpetually maintained. When we insert (4) in (3)
to get

(5) K = sF(K Le™)

we have the basic equation which determines the time path of capital
accumulation that must be followed if all available labor is ta be
employed.

Alternatively (4) can be looked at as a supply curve of labor. It
says that the exponentially growing labor force is offered for employ-
ment completely inelastically. The labor supply eurve is a vertical

2. See, for example, Haavelmo: 4 Study in the Theory of Economac Evolulion
{Amsterdam, 1954), pp. 9-11. Not all “underdeveloped” countries are areas of
land g.hortage‘ Ethiopis is a counterexample. One can imagine the theary as
applying as long as arable land can be hacked out of the wilderness at essentially
constant cost.
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line which shifts to the right in time as the labor force grows according
to (4). Then the real wage rate adjusts so that all available labor is
emplaved, and the marginal productivity equation determines the
wage rate which will actually rule.®

In summary, {5) is a differential equation in the single variable
K{t). Tts solution gives the only time profile of the community’s
capital stock which will fully employ the available labor. Once we
know the time path of capital stock and that of the labor force, we can
compute from the produetion function the corresponding time path
of real output. The marginal productivity equation determines the
time path of the real wage rate. There is also involved an assumption
of full employment of the available stock of capital. At any point of
time the pre-existing stock of capital (the result of previous accumula-
tion) is inelastically supplied. Hence there is a similar marginal
productivity equation for capital which determines the real rental
per unit of time for the services of capital stock. The process can be
viewed in this way: at any moment of time the available labor supply
is given by {4) and the available stock of capital is also 2 datum. Since
the real return to factors will adjust to bring about full employment
of labor and capital we can use the production funetion {2) to find the
current rate of output. Then the propensity to save tells us how much
of net output will be saved and invested. Hence we know the net
accumulation of capital during the current period. Added to the
already accumulated stock this gives the capital availahle for the
next period, and the whole process can be repeated.

III. PossiBLE GROWTH PATTERNS
To see if there is always a capital accumulation path consistent
with any rate of growth of the labor force, we must study the differen-
tial equation (5) for the qualitative nature of its solutions. Naturally
without specifying the exact shape of the production function we
can’t hope to find the exact solufion. But certain broad properties
are surprisingly easy to isolate, even graphically.

To do so we introduce a new variable r ='£{_, the ratio of capital

to labor. Hence we have K = rL = rLe™.  Differentiating with
respect to time we get

K = L™ + nrLee™.

3. The complete set of three equations congists of (3), (4) and aFg;:,L) =W
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Substitute this in (5):
(r + nr)Lee™ = sF(K,Li™).

But because of ¢onstant returns to scale we can divide both variables
m F by L = L¢e™ pravided we multiply F by the same factor. Thus

(r + nriLee™ = sLye™F (‘;{—ur 1)

ae
and dividing out the common factor we arrive finally at
(6) r = sF(r,1) — nr.

Here we have a differential equation involving the capital-labor ratio
alone,
This fundamental equation can be reached somewhat less

formally. Sincer = i—(—, the relative rate of change of r isthedifference

between the relative rates of change of K and L. That is;

i_K L
r K L
Now first of all Ii = n. Secondly K — sF(K,L). Making these sub-
stitutions:
SF(K,L)
=¥y ——7" — fur.
K

Now divide L out of F as before, note that % = —1, and we get (8) again.
r

The function F(r,1) appearing in (8) is easy to interpret. It isthe
total product curve as varying amounts 7 of capital are employed
with one unit of labor. Alternatively it gives output per worker zs
a function of capital per worker. Thus (B} states that the rate of
change of the capital-labor ratio is the difference of two terms, one
representing the increment of capital and one the increment of lzbor.

When r = 0, the capital-labor ratio is a constant, and the capital
stock must be expanding at the same rate as the lahor foree, namely n.
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(The warranted rate of growth, warrantedby the appropriate real rate
of return to capital, equals the natural rate.) In Figure I, the ray
through the origin with slope n represents the function nr. The other
curve is the function sF(r,1). It is here drawn to pass through the
origin and econvex upward: no output unless both inputs ave positive,
and diminishing marginal productivity of capital, as would be the
case, for example, with the Cobb-Douglas function. At the point of
intersection nr = sF(r,1) and r = 0. If the capital-labor ratio r*
should ever be established, it will be maintained, and capital and
labor will grow theneeforward in proportion. By constant returns to

Nr

sF(r,1)

I
I
I
r*

FIGURE I

acale, real output will also grow at the same relative rate %, and out-
put per head of labor foree will be constant.

But if r = r* how will the capital-labor ratio develop over time?
To the right of the intersection point, when r > r* ar > &F(r,1) and
from (6) we see that r will decrease toward *. Conversely if initially
r < r*, the graph shows that nr < sF(r,1), 7 > 0, and r will increase
toward r*. Thus the equilibrium value r* is stable. Whatever the
initial value of the capital-labor ratio, the system will develop toward
a state of balanced growth at the natural rate. The time path of
capital and output will not be exactly exponential except asymptoti-
cally.* If the initial capital stock is below the equilibrium ratio,

4. There is an exception to this. If K = 0,r = 0 and the system can't get
started; with no capital there is no output and hence no accumulation, But this
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capital and output will grow at a faster pace than the labor foree ungil
the equilibrium ratio is approached. If the initial ratio is above the
equilibrium value, capital and output will grow mare slowly than the
labor force. The growth of output is always intermediate between
those of labor and capital.

Of course the strong stability shown in Figure I is not inevitable.
The steady adjustment, of capital and output to a state of balanced
growth comes about becguse of the way I have drawn the produec-
tivity curve F(r,1). Many other configurations are a priori possible.
For example in Figure IT there are three intersection points. Inspec-

r
nr

sF(r1)

|
|
|
|
|
|

f

~ — —

- 3
FIGURE II

tion will show that r; and r; are stable, r; is not. Depending on the
initially observed capital-lahar ratio, the system will develop either
to balanced growth at capital-labor ratio 7. or #;. In either case
labor supply, capital stock and real output will asymptotically expand
at rate n, but around r, there is less capital than around r;, hence the
level of output per head will be lower in the former case than in the
[atter. The relevant balanced growth equilibrium is at r for an
initial ratio anywhere between 0 and r, it is at r; for any initial ratio
greater than ra. The ratio ry is itself an equilibrium growth ratio, but
an unstable one; any accidental disturbance will be magnified aver
time. Figure IT has been drawn so that production is possible without
capital; hence the origin is not an equilibrium “growth’ configuration.

Even Figure II does not exhaust the possibilities. It is possible

equilibrium is unstable: the slightest windfall eapital accumulation will start the
syatem off toward r*.
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that no balanced growth equilibrium might exist.® Any nondecreasing
function F{r,1) can be converted into a constant returns to scale
production function simply by multiplying it by L; the reader can
construct a wide variety of such curves and examine the resulting
solutions to {6). In Figure III are shown two possibilities, together

' S,F'(r,l)

nr

s2F2(r, 1)

FIGURE III

with & ray nr. Both have diminishing marginal productivity through-
out, and one lies wholly above nr while the other lies wholly below.
The first system is so productive and saves so much that perpetual
full emplayment will increase the capital-labor ratio (and also the
output per head) beyond all limits; capital and income hath increase

5. This seems to contradict a theorem in R. M. Salow and P. A. Samuelaon:
“Balanced Growth under Constant Returns ta Scale,” Econometrica, X XI {1953,
412-24, but the cantradietion is only apparent. It was there assumed that every
commoadity had positive marginal productivity in the produection of each com-

modity. Here capital cannot be used to praduce labor, _
6. The equation of the first might be 8,F'(r,1]) = nr + +fr, that of the second

8Fr,1) = r’Il
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more rapidly than the labor supply. The second system is so unpro-
ductive that the full employment path leads only to forever diminish-
ing income per capita. Since net investment is always positive and
labor supply is increasing, aggregate income can only rise.

The basic conclusion of this analysis is that, when produetion
takes place under the usual neoclassical conditions of variable pro-
portions and constant returns to scale, no simple opposition between
natural and warranted rates of growth is possible. There may not
be —in fact in the case of the Cobb-Douglas function there never
can be — any knife-edge. The system can adjust to any given rate
of growth of the labor force, and eventually approach a state of
steady proportional expansion.

IV. ExaMrLES

In this section I propose very briefly to work out three examples,
three simple choices of the shape of the production function for which
it ig possible to solve the hasic differential equation (6) explicitly.

Example 1: Fized Proportions. This is the Harrod-Domar case.
It takes @ units of eapital to produce a unit of output; and b units
of labor. Thus a is an acceleration coefficient. Of course, a unit of
output can be produced with more capital and/or labor than this
(the isoquants are right-angled corners); the first bottleneck to be
reached limits the rate of ougput, This can be expressed in the form
(2} by saying

Y = F(X,L) = min (E, é)
a b

where “min (. . .)"” means the smaller of the numbers in parentheses.
The basic differential equation (6} becomes

. o fr1
= gsmni— ) — #
a b
Evidently for very small r we must have L« L ,s0 that in this range

a

. a
= = ,le, r = —, theequa~
b

o |~ o

;= = (s__ n)r‘ But when

r
14 [+

8 . .
tion becomes ¥ = e It is easier to see how this works graphi-
r 1

cally. In Figure IV the function s min (;’E) is represented by a
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broken line: the ray from the origin with slope £ until r reaches the
a

value g , and then a harizantal lineat height % . In the Harrod model

2 js the warranted rate of growth.
a .
¥

orjw

|

J

!

|
a
a]
FIGURE IV

There are now three possibilities:

8
(a) n > ot the natural rate exceeds the warranted rate. It can

) . 1
be seen from Figure IV that n;r is always greater than s min (I-’B-)’
a

so that r always decreases. Suppase the initial value of the

. .. a . & . .
capital-labor ratio is r, > P then r = P whose solution is
il —nit 8 § . .
r=1\r9g— —Je + —. Thus r decreases toward — which is
b b b
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a . . )
in turn less than 5 At an easily calculable point of time £, r reaches

2, Gn) ),

a ) s ..
b From then on » = (-— - m) r, whose solutionisr = ‘b—e
a

. 8 . . a
Since — < m, » will decrease toward zero. At time 4, when r = 3
a

the labor supply and capital stoek are in balance. From then on
as the capital-labor ratio decreases labor becomes redundant, and the
extent of the redundancy grows. The amount of unemployment, ean
be calculated from the fact that K = rL,™ remembering that, when

- . K . K
capital is the bottleneck factor, output is —and employment is b 4
a

(b} ny = 2 , the warranted and natural rates are equal. If initially
a .

a

>
7

. )
so that labor is the bottleneck, then r decreases to b and stays

o ags a . . .
there. If initially r < Iy then r remains constant over time, in a sort

of neutral equilibrium. Capital stoeck and labor supply grow at a
common rate n;; whatever perceniage redundancy of labor there was
initially is preserved.

8
{c} ny < a—’ the warranted rate exceeds the natural rate. For-
mally the solution is exactly as in ease (a) with n; replacing n,.

. ayiy s . . 8
There is a stable equiltbrium eapital output ratio at r = — . But,
iy
here capital is redundant as can be seen from the fact that the mar-
ginal productivity of capital has fallen to zero. The proportion of

. . P . @
the capital stock actually employed in equilibrium growth is *? .

But since the capital stock is growing (at a rate asymptotically equal
to ng) the absolute amount of excess capacity is growing, too. This
appearance of redundancy independent of any price-wage move-
ments 18 2 consequence of fixed proportions, and lends the Harrod-
Domar model its characteristic of rigid balance.

At the very least one can imagine a production function such
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that if r exceeds a eritical value rp,,, the marginal product of capital
falls to zero, and if r falls short of another critical value r ns,, the
marginal product of labor falls te zero. For intermediate capital-labor
ratios the isoquants are as usual. Figure IV would begin with a linear
portion for O = r = rn, then have a phase like Figure I for
Fmin = 7 = Pmay, then end with a horizontal streteh for r > rp.,.
There would be a whole zone of labor-supply growth rates which
would lead to an equilibrium like that of Figure I. For values of
n below this zone the end result would be redundancey of capital, for
values of n above this zone, redundancy of labor. To the extent that
in the long run factor proportions are widely variable the intermediate
zone of growth rates will be wide.

Ezample 8: The Cobb-Dauglas Function. The properties of the
function ¥ = K°L'™® are too well known to need comment here.
Figure I describes the situation regardless of the choice of the param-
eters a and n. The marginal productivity of capital rises indefinitely
as the capital-labor ratio decreases, so that the curve sF(r,1) must
rise abave the ray nr, But since a < 1, the curve must eventually
‘eross the ray from above and subsequently remain below. Thus the
asymptotic behavior of the system is always balanced growth at the
natural rate.

The differential equation (8) is in this case r = sr* — nr. It is
actually easier to go back to the untransformed equation (5}, which
now reads

@) K = sK¥(Le")' .
This can be integrated directly and the solution is:
1
K{t) = [KJ’ P AR A e'*“]b
n n
where b = 1 — a, and K, is the initial capital stock. It is easily
1/
. 8
seen that as ¢ becomes large, K (1) grows essentially like (;) L, ¢,

namely at the same rate of growth as the labor force. The equilib-

1/
. - .. 8 .
rium value of the capital-labor ratio is +* = (;) . This can be

verified by putting # = 0in (6). Reasonably enough this equilibrium
ratio is larger the higher the savings ratio and the lower the rate of
inerease of the labor supply.

It is easy enough to work out the time path of real output from
the production function itself. Obviously asymptotically ¥ must
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behave like K and L, that is, grow at relative rate n. Real income
per head of labor force, ¥ /L, tends to the value (s/n)*”. Indeed with
the Cobb-Douglas function it is always true that ¥ /L = (K/L)* =
It follows at once that the equilibrium value of K/Y is s/n. But
K/Y is the “capital coefficient” in Harrod's terms, say €. | Then in
the long-run equilibrium growth we will have € = s/n or n = s/C:
the natural rate equals “the’ warranted rate, not as an odd piece
of luck but as & consequence of demand-supply adjustments.

Ezample 8. A whole family of constant-returns-to-scale produc-
tion functions is given by ¥ = (aK? + LP)V/?. Tt differs from the
Cobb-Douglas family in that production is possible with only one
factor. But it shares the property that if p < 1, the marginal pro-
ductivity of eapital becomes infinitely great as the capital-labor ratio
declines toward zero. If p > 1, the isoquants have the “wrong”
convexity; when p = 1, the isoquants are straight lines, perfect
substitutability; I will restrict myself to the ease of 0 < p < 1
which gives the usual diminishing marginal returns. Otherwise it is
hardly sensible to insist on full employment of both factors.

In particular consider p = 1/2 so that the production function
becomes

Y = @VK + VL)* = @K + L + 2aVKL.
The basic differential equation is
(8) F o= s(aVr + 1) — nr.
This can be written:
i = sl@ —n/s)r + 2aV¥r + 1] = s(A¥r + 1)BYVr + 1)

where A = g -V";Zg and B = a + V;;/_s. The solution has to be
given implicitly:

o AVr + 1\"* /BVr 1\ T

AVro + 1 Bry + 1
Once again it is easier to refer to a diagram. There are two possi-
bilities, illustrated in Figure V. The eurve sF(r,1) begins at a height s
when r = 0. If sa? > n, there is no halanced growth equilibrium:
the eapital-labor ratio increases indefinitely and so does real output
per head. The system is highly productive and saves-invests enough

at full employment to expand very rapidly. If sa® < n, there is a
stable balanced growth equilibrium, which is reached according to
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the solution (9). The equilibrium ecapital-labor ratio can be found
by putting r = Qin (8);itis r* = (1/4% — a)®. It can be further
calculated that the income per head prevailing in the limiting state
of growth is 1/(1 — aVs/n)2. That is, real income per head of labor
force will rise to this value if it starts below, or vice versa.

$02>n

nr

s202<n

5y

Sz

FIGURE V

V. BEHAVIOR OF INTEREST AND WaaE RATES

The growth paths discussed in the previous sections can be looked
at in two ways. From one point of view they have no eausal signifi-
cance but simply indicate the course that capital aceumulation and
real output would have to take if neither unemployment nor excess
capacity are to appear. From another point of view, however, we
can ask what kind of market behavior will cause the model economy
to follow the path of equilibrium growth. In this direction it has
already been assumed that both the growing labor force and the
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existing capital stock are thrown on the market inelastically, with
the real wage and the real rental of capital adjusting instantaneously
50 as to clear the market. If saving and investment decisions are
made independently, however, some additional marginal-efficiency-
of-capital conditions have to be satisfied. The purpose of this
section is to set out the price-wage-interest behavior appropriate to
the growth paths sketched earlier,

There are four prices involved in the system: (1) the selling price
of a unit of real cutput (and since real output serves also as capital
this is the transfer price of a unit of capital stock) p(¢); (2) the
money wage rate w(f}; (3) the money rental per unit of time of a
unit of capital stock ¢{Z); (4) the rate of interest i(¢). One of these
we can eliminate immediately. In the real system we are working
with there is nothing to determine the absolute price level. Hence
we can take p(f), the price of real output, as given. Sometimes it
will be convenient to imagine » as constant.

In a competitive economy the real wage and real rental are
determined by the traditional marginal-productivity equations:

(10} aF
aL_p

and

an) oF g
3K p’

Note in passing that with constant returns to scale the marginal pro-
ductivities depend only on the capital-labor ratio r, and not on any
scale quantities.’

7. In the polar case of pure competition, even if the individual firms have
U-shaped average cost curves we can imagine changes in aggregate output taking
place solely by the entry and exit of identical optimal-size firms. Then aggregate
output is produced at constant cost; and in fact, because of the large number of
relatively small firms each producing at approximately constant cast for small
variations, we can without substantial error define an aggregate production fune-
tion which will show constant returns to scale. There will be minor deviations
since this aggregate production function is not strictly valid for variations in
output smaller than the size of an optimal firm. But this lumpiness can for long-
run analysis be treated as negligible.

One naturally thinks of adapting the maodel to the more general assumption
of universal monopolistic competition. But the above device fails, If the indus-
try consists of identical firrns in identical large-group tangency equilibria then,
aubject to the restriction that output changes oceur only via changes in the num-
ber of firtns, one can perhaps define a constant-cost aggregate praduction function.
But now this construet is largely irrelevant, for even if we are willing te overtook
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The real rental on capital ¢/p is an own-rate of interest — it is
the return on capital in units of capital stock. An owner of capital
can by renting and reinvesting increase his holdings like compound

. g - g /pdt
interest at the variable instantaneous rate ¢/p, i.e., like ef ¢¥7% Under
conditions of perfect arbitrage there is a well-known close relationship
between the money rate of interest and the commodity own-rate,
namely

. ¢
(12) i) = 18

_ a0, 50
()

+ p(t)’

If the price level is in fact constant, the own-rate and the interest rate
will coincide. If the price level is falling, the own-rate must exceed
the interest rate to induce people to hold commodities. That the
exact relation is as in (12) ean be seen in several ways. For example,
the owner of $! at time ¢ has two options: he can lend the money
for a short space of time, say until ¢ + 2 and earn approximately
{(t)h in interest, or he can buy 1/p units of output, earn rentals of
(¢/p)h and then sell. In the first case he will own 1 + i(t)k at the
end of the period; in the second case he will have {(¢{t)/p(i})k
+ p(t + h)/p{t). In equilibrium these two amounts must be equal

g(8) ot + h)

L ih = R+
or
) () p(t + k) — p(@t)
h o= AL S 5,504
i

Dividing both sides by h and letting h tend to zero we get (12).
Thus this condition equalizes the attractiveness of holding wealth
in the form of capital stock or loanable funds.

Another way of deriving (12) and gaining some insight into its
role in our model is to note that p(f), the transfer price of a unit
of capital, must equal the present value of its future stream of net

its discontinuity and treat it as differentiable, the partial derivatives of such a
function will not be the marginal produectivities to which the individual firms
respond. Each firm is on the falling branch of its unit cost eurve, whereas in the
competitive ease each firm was actually producing at locally constant costs. The
difficult problem remsins of intraducing monopolistic competition inte aggrega-
tive models. For example, the value-of-marginal-product squations in the text
would have to ga over into marginal-revenue-product relations, which in turn
would require the explictt presence of demand curves. Much further experimenta-
tion is needed here, with greater realism the rewsrd.
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rentals. Thus with perfect foresight into future rentals and interest
rates:

p(t) = lf q(u)e'-{"(’)d‘ du .

Differentiating with respect to time yields (12). Thus within the

narrow confines of our model (in particular, absence of risk, a fixed

average propensity to save, and no monetary complications) the

money rate of interest and the return to holders of capital will stand

in just the relation required to induce the community to hold the
K K=r*L

FIGURE VI L

capital stock in existence. The absence of risk and uncertainty shows
itself particularly in the absence of asset preferences.

(iven the zhsolute price level p(#), equations (10)-(12) deter-
mine the other three price variables, whose behavior can thus be
caleulated once the particular growth path is known.,

Before indicating how the caleulations would go in the examples
of section IV, it is possible to get a general view diagrammatically,
particularly when there is a stable balanced growth equilibrium.
In Figure VI is drawn the ordinary isoquant map of the production
funetion F(K L), and some possible kinds of growth paths. A given
capital-labor ratio r* is represented in Figure VI by a ray from the
arigin, with slope r*. Suppose there is a stable asymptotic ratio r¥*;
thenall growth pathsissuing from arbitraryinitial conditions approach
the ray in the limit. Two such paths are shown, issuing from initial
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points P, and Py Since back in Figure I the approach of r to v*
was monotonic, the paths must look as shown in Figure VI. We
see that if the initial capital-labor ratio is higher than the equilibrium
value, the ratio falls and vice versa.

Figure VII corresponds to Figure II. There are three “‘equilib-
rium’ rays, but the inner one is unstable. The inner ray is the
dividing line among initial conditions which lead to one of the stable
rays and those which lead to the other. All paths, of course, lead
upward and to the right, without bending back; K and I always

Y

FIGURE VII L

increase. The reader can draw a diagram corresponding to Figure
I1I, in which the growth paths pass to steeper and steeper or to flatter
and flatter rays, signifying respectively r — ® or r — 0, Again I
remark that K and L and hence Y are all inereasing, but if » -+ 0,
Y /L will decline.

Now because of constant returns to scale we know that along a
ray from the origin, the slope of the isoquants is eonstant. This
expresses the fact that marginal products depend only on the factor
ratio. But in competition the slope of the isoquant reflects the ratio
of the facto